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Truimg- can b6 KTTV Ha Noi

Cac qtia trinh khi tugng: thiy van -cd cdu tric  khong gian phic tap, khi
nghién ciu nd thudng pha1 dung phudng phap thong ké xét méi tuong quan

giita chung. Trong s6 dé phuong phéap tuong quan tuyen tinh nhigu chiéu
thudng duge ding nhédt. Tuy: nhién; khi m6i quan hé la phi tuyén thi phuong
- phdp trén kém hiéu qda, cd the khac phuc dieu nay bang cach sau:

"1. Bién dgi cdc. bién s8 sao cho hen he 0’1ua chuncr 14 tuyén . tinh, nhu
Alechxayev G. A da thuc hién [1] Phlfdno‘ phap nay “chi duno' khi ‘lién hé gwa
jcac da1 hrong ddn dleu SR

2 H‘c‘)l quy tuyen tinh ttmg budc cac nhan to duac phan chla thanh so_
. lu’ong toi ‘uu cac: nhom, trén méi nhom xay dLrng ham hm quy tuyen tink £

N ' Troncr nhung nam gan day, kh1 phan tmh cae quan “he nhidu’ chigu i:hucm«J
B dung hanm: sphne va. dm vdicde bal todn KTTV thudng dung ham sphne bac 3
(splme3)— T i Ll ; : *

1 Khax mem ' ‘splme

Ly thuyet ve splme duac nhleu cac tac alé nghlen Cllll [1, 2, 3 4] Sphneiz

trong dlem co dang splme

Cac quan he trong KTTV thu’dng la tmn do vay thxch hdp nhat la ap dung;
)sphne da - thic.. Spline .loai. nay . .duge. Schoenberg 1.J. [4] nghlen mm VA phat'- ;
trién. Ca. the hxéu sphne moét cach tom: tat nhu sau: . : : )

Chla d’oan [a, b] ra N phan bdl ‘cac dxem chJa

Ham «p(x) ma tren méi. doan {X X +1} J = 1,..,, N dudc bleu thl bang .
da thic p(x) bac m goi la splme da thuC biae m véi N chem lién két tai cac nit..

_ ‘Cac he-s6 cua da thie p(x) phu hap’ va tuung ing vm nhau sao cho dam.
bz’m digu kién - hen tuc ctia ham va dao ham b’lc (m—l) cua chung tai cdc nat
hen két, nghla la: o

L somfxl'- 0 = o2, (x)w“%x)w(k)(mﬂ T am
i _'_; 1 N k- S0, o NT e

Cwy dtwc goi 1a ludi va cac dlem chia x, duac goi la cac nit cta sphne
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Nhu viy, ham sphne p.(x) c6 (m - 1) lan vi phan lién tuc trén toan doan
fa, b] va trén 11101 doan [x;, XJ] Ea mot da thuc bac m. N01 uencr ham bphne bac
3 1a ham hai Ian vi phan lien tuc hinh fhanh tit cAc mau riéng ‘biét cua palabol
bac 3. Spline bac 3 thudng dude b1eu thi dudi dang:

p(x) = S3x) = g + by (x=x) + Glx - x)? + d(x - x)3 (2)

x.

ST 4] < X < }.]_._1 ‘J = ]., Ly eny N

Nhu vay, ham Sq(x) duoa cho b01 4(N - 1) hé s6. Cac hé s6 nay dudc xdc

dinh tit didu kién lién' két (1%) cho cdc- parabol (2) trén luéi (1).
Cac hé sd cta spline ¢d ¥y nghia nhu sau:

y
a.. - gid tri S;(x) tal cde nit ludi:(1)

01'5 tri‘f céc '-dadi:' hanyibac: 2::.77

e}
1

g1a tm cac dao ham bac 3

. P ped e Sadey P
:\’:" AN At TR s ErE SR

cho cdc g;1a tri. y; duoc Xac" dmh bdi -mot ham f(x) nao do, nghla la yi = f(x)
Mot ham- cp(x) sao cho (p(x) = Y. goi la noi suy ctia. f(x)_}tu{c la mot gan ding

‘P;g01 la xap X1 ' XJ] Kh1 do

sﬁ : chtia trong y;

can cua » den

AT RIS : Y . -
an:,uuﬁg tcan dua 'dén

T ‘dang dac trung ménb ddl ctia (%) Xap i bang” phddng ph :
nhat xac dlnh duge loai ham- g{)(x) Tuy’ n}uen kho tim- dugé’ Eozu Ham® :p(x) oaw
f(x). Sphne bac 3 Ia mot cdng cu- cd: hiéu: qua. de.. . glai quyét: vin: dé nay..- ‘Cho.
‘rang trén cdc nut cua 11101 (1) x4c dinh duge cac sb thlfc ‘(yl} Tu tdt ca céc
ham g(x) trén [a,- b] cd dao ham bac 2 hen ‘tuc va c(x) = ‘yl th1 sphne hac 3
: ma‘no co S3 (a) = ”(b) ~—~O Iam cua t1e11 thh phan sau: Tl w '

@3

T1ch phan (3) la do do 1nu’c tmn cua ham or(x) MGla' trl tlch phan cang nho
thl do tron cta ham cang- ldn Tu fat ca cac ham tten tdl f(x) th1 splme bac 3
la ham t1dn nhat s R

I(cp) = ‘min, .
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b) Lam tron bing spline bac 3 _
~Vin dé lam tron bing spline bac 3 duge quan tam nhiéu hon vi trong thuc
té cdc quan hé héi quy can duge thiét lap.

Chitng ta xuidt phat tu trudng hgp> don gian nhdt. Gia thiét cd mot day

quan:iric dong thdi hai bién x; va y, gita ching cd moi quan hé y = fx),
nhung dang.cu thé caa nd la Chll'a blet ch1 bigt cdc gia tif cu thé ciia nd kem
_theo sai s@,. nghia. la co day {x y}, i= 1,.., n va {x} € [a b]

Néu xem xét day {x;} va {y;} nhu Ia khai tuen-f cia’ dai lvong ngau nhién-X
va Y. Goi 6(x) 12 ky vong todn ncc co diéu | kién cha dai lugng ngiu nhién y khi
X nhan gla tri x; '

v-.-

= 0(x) = MCY/X ) B )]
Phuang trinh (4) la phuong trinh hoi quy cta Y theo X o

Gia stt TAng tri s§ quan trac'y; dugc tao thanh tit téng cia thanh phan tat
Ldmh va aal ao 0 cua no

y '/’ xl) (;l ':~:"f€;-.:u:'?«‘ SANTEE PR S S0 (5)

iy Gla thlet them 1ang ‘ham qv(x) tlen {a b} 12 du tlcm con “sai’ so e) khong
tuong quan va cd trung binh bing khonﬂr Thanh phan nay khéng quan tric
duge,i ng. la mot .dai lugng . ly thuyet

Co the lap lai cdc quan tréc mot s0 tuy y Ian va nhan duac mot tap quan
trac ‘mdi.” Khi:dd ‘ham 0(x)dudc: goi la:; tlend (khuynh -huéng), va 10, rang trend
B(x) va p(x) tir (4) la nhu nhau. Nhigm vu cua: rhunff ta.la: tim:ham. f(x); gan
ding tét nhat cha #(x) trén doan (a, b] theo f'u heu quan trac da co

Trén lual (1) xdc dinh day y, nghia’ T tao ‘thanh’ day cdc cap 's6 hang,
Ayuxh, 1= 1, ., n VA x; € {a, b]. Goi WY' la tap hdp cac ham cd -dao ham bac
(m - 1) lién tuc trén [a; b]. Trong tat ca cde hflm g(x). € W"‘[a b] yéu chu tim
duge ham f(x) tlen dé lam cuc ti€u ham sau:

i=i . il

M =min T ©

Ig) = X (g)- ) f(a"(x)\ e o

' Schoenbezcr chi ra ring nghlem ba1 toan nay ton tai va chmh la spline bac
(2m - 1) trén ludi (1), nghia la f(x) = S':m l(x w”) Kh1 p nho thi s6 hang dau la
ca. ban va gia tu “ham- f(x) kh1 do it gan yj. ¥

Tlm nfrhlem t:u’ (6) kh1 m ldn 1a kho khqn Vi Lvéy, thubﬁg IO‘iéi han xz‘iy

chmh xdc chap nhan duoc v thoa man cheu klen (G)

¢) Xay dung hdi quy nhzeu chiéu bang splme bac ? trung bznh

‘Cde mo6 hinh hoéi quy dtwc ‘trinh bay tmng rdt nhiéu tai liéu. Cd nhiéu
_phudng phap xay dung cdc quan hé-hdi-quy nhidu. chleu Tuy; nhién, nhu trén da
- phan- tich, hm quy nhigu chiéu bang spline. bac.3 cd.uu.thé hon.. Day 14 ;mot. bai
todn riéng kha phuc tap. O day o6 thé tém tdt mdy net dai cuong nhu.saw:

o =27
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Cho rang dai luong nghlen cdu duge dic trung bang cac dai hmna xl, %7,
., y. Ching ta can-tim lién hé gita bieén y vdi cdc bién %, j = 1,..., .., k. Néu
hen hé ton tai ta co: , :

y ; iif(xl, %2, ... > xK) = M(Ykx = Xj, X = 1:{3,:"..., X = xk)’ _ (D

‘nghia '1a cdc gia tri Yi cia dai lugng nghu nhién Y ‘duge xac dinh béi cac gia
trj xJ cta cdc dai ‘lugng ngu nhién X. Viéc x&p xi ham © duge- thw: hién ‘qua
cic: gid tri quan trac dong bd xl

{y|) : ceery Xii} i : 132;"': N | o . "."t i’ (S)

T"l thay quan hé (7) bang mo hmh dancr

= Fixh + F«(xz) U Fk(x‘\) L ®

Xdc dinh cdc ham so F(xl) la noi dung bai toan h01 quy Ham F(xJ) ‘can
Aduoc chon sao cho thda mén mét s5 yéu cau thé ‘hién ban-chat vat ly cua hién
tugng nghién cdu.. Thuong. thi ~quan hée (9) la phl tuyen va do do chon cac ham
lell 1 nhund <pllne cho hieu _qua t5t hcfn

- 3 Xac d;nh ham hm quy mot chleu bang splme bac 3 trung blnh

Trong phqn nqy chunu t6i ch1 gldl han tlontr vige xac dmh ham h01 quv mot
theu hanrv -.plme bac 3 trund bmh ada veden L0 oeRg W S g

Ham ndy cd. the b1eu thl dlidl dancr _

s LN#L - [T e A TR e X
M(P(;x) Z s [Pj(x) i A st PR 575. . (10)
, =1 o : ;:»«;?’; crms e ldURE b bt A nh

(=1
=N
S

¢:(x) 1a_cdc spline bac 3 co s0.

T (Xi+1.‘xﬁ)’7’. ,(x:-’Xi)S:H | .
‘PJ(X) :MU( thl _, :+ ,Mij Gh +

o De xac dmh (11) t1en doan [a b] can x4c dmh N 2 cna' tri Chlfa blet M;;,
Hj=10,1,0 N+1.Déi ‘vcn cdc doan phau chxa deu nh'm he thonor phudn‘r tuuh'

xac mnn J.vf ’C:G:;ua‘ig:‘ S

ij

© o8




2 1. - b1 -l
: % ;2:, :‘% ';_ -1 %
M = (%) ’ EENEPY
% 1 -1

Ma tran M cd kich thudgec (N + 2). (N + 2)

| Hﬁhnﬂ"xa«vi'}“
Glél hé phtidng tnnh nay ta duom

s -2";' .

{’Mi,-} = («——)c o | - a3

,I,,I

il meraied i L J, ',
O day:
B E bN‘L’;—J
L | b 1bN+";—a}‘"b bN+4—'3
gk i I (18)

! bj,—le+3—j'z‘-bjbr§_1+4'w’j’
. j =1,2,00 N+2
Cac gid tri b tinh bang cong thUc tray “hoi: -

b= -4b4-b

' b, = 2 bho=1 6

V1 vay, de tmh cac 0'1a tn cua spime bac 3 co sc! vdx N hen ket t1en lugi

-phan chia déu nhau can tinh ma tran C kich thitde (N+ ")(N+ 7) theo (14) va
fma tran M theo (13) Cu01 cung theo (11) xdc dmh duac (pj(x) artn

Tuy nhlen, khl S0, dlem N ldn thl v1ec tmh toan khcmﬁr thuan lcu Tloncr

thuC té thuong tlm splme bac 3 trén mbt lum lrep hdn, nhﬁncf vin bao dam do
‘ chmh x4c theo yeu cau:

cuq {a é'lx*",” < 'x*é,_;”<”....'.<: | b} le q <N U am
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Ludi (17) cén git cho cic diém chia tring xiéi mét t‘rong cac diém cla- ludi
(D). ‘

Xay dyng.trén ludi (17) spline bac 3 vdi q 11en ket (p‘l(x) Lum (17) dugce
chon khi bdo dam quan hé:

—

lpx), - pix)] < e =&, (18)

B A | ' ' '
Trong dd: i (19)
véi o, 1a do lech quan phuong cia hdi quy véi N lién két. D€ hinh thanh
lusi (17) ta lam nhu saw: L -

- Trudc hét cho q = 2 nghia 12 khi é’y cd-
wy, = {a = x*|<x% =b} _ _‘ (20)

Xac dinh spline bac 3 pX(x) trén luéi (20) klem t1a dzeu klen (18) néu thoa
man du'dc thi co spline béac 3 va lutdl can tlm ‘ '

- \Ieu khong thuc hlen duac (18) ta 1a1 chia dai doan [a, b] (g = 3) ta co
ludi: o

wy = {a = x*l‘ < x*i < x'3 mb} o (@D

é+b :
-9

=

Txond dn x 3

“Xdc di nh ham p3(x) va lai ki€m tra (18). Neu théa man thi (p3(x) 14 ham
cin tim.. Néu khong thi lai chia. dm doan cha ludi (21) va lal Jam nhu t1en -
Qua trinh dugce lap lal den khl nao d1eu k1en { 18) dtidc thoa méan.

4. Phan tich quan he ltm hmng mlIc nuac Q f(H) bﬁng sphne
bac 3 trung binh

Quan hé Q = f(H) noi chung la- ph1 tuyen Tlong chinh bién, viéc xde dmh
quan hé nay dudc thuc hién bang tay trén co s¢ ‘phan tich sai s6 quan phudng
o. Nhung cdch lam nay mang nang tinh cht quan, khé xdc dinh hdi quy tot
___nhit. Mat khdc, rat kho trién khal tlen mav tmh Mot s6 tac gla de nvhx khai

quat quan he nay theo- dang :[5,6]: : .
Q = aH? +bH + ¢ hay Q=a. M - Hm (22)
Trong dd a, b, ¢, a;, m 1a cac-:*tham:so»-“-f

Tuy nhién, cac dang nay khong bac dam sy phit hgp cua dirﬁng hoi quy trén
“toan bo khoang dao dong cia Q E(H) R .

De khac phuc nh}idc dlem nay va de de dé.ng dimv méy tinh nén dﬁng

Tlen mdi khoang dao dong cua H du’dnd Q f(H) dudé gan duna bang
,sphne bac 3. Thém vao do tai cdc diém lién ket cac mau sphne hen ‘tuc, ta cd
_,;sa1 s0 quan phudnfr nho nhat va day la dn’dng cong trdn nhat. *v1 no lam cyc
.‘tleu‘ (6) RIS RC L Sy SRS SRR SR ] L : Tis ’ B : Y b

Ket qua tmh thu cho mot so quan he Q f(H) cua mot so tram duac dUa ra

Lwng bang 1.
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Béng 1

Tram Ban Gide | Tram Thanh
(S.Quy Son), | Son (S.Bla),
: 1974 1930
Déc trung -

Theo Theo Theo | Theo

chinh | ham | chinh | ham
) . hién | spline | bién | spline
Sai s6 quén phUGng % _ 316 4t | 398 | 307
Sai s& 16n nhat (%) ‘ 124 10,75 987 71
S6 diém do 13 13 40 42
S6 diém léch &m 25 26 15 15
88 diém léch dudng 24 . 23 16 16
Téng sai s& S +351 | +00%6 | +035 |-0,0008

Nhu vay, cd thé thiy ring spline bac 3 cd' uu thé& ré rét trong viéc phan
tich cdc quan.hé tuong quan va ndi riéng quan hé phi tuydn mét chidu. Day la

16t cong cu, cd hiéu qia dé chmh bién, - chinh ly so ligu KTTV N6. cling cd thé
rong cho dy bao, tin yeu S KTTV. .
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